Abstract: he object of the present paper is to study N(k)-quasi Einstein manifolds satisfying certain curvature conditions. Further we study gradient Ricci solitons on N(k)-quasi Einstein manifolds.
Introduction
Einstein manifolds play a vital part in Riemannian geometry as well as in the general theory of relativity (GTR). Also, Einstein manifolds build a natural subclass of various class of Riemannian or semi-Riemannian manifolds by a curvature condition enforced on their Ricci tensor ( [1] ;p.432-433). A non-flat n-dimensional Riemannian manifold (M, g) (n > 2) is said to be an Einstein manifold if the condition S = r n g
holds on M, where S and r denote the Ricci tensor and the scalar curvature of (M, g) respectively. A Ricci soliton is a generalization of an Einstein metirc. In a Riemannian manifold (M, g), g is called a Ricci soliton if
where L denotes Lie derivative with respect to a complete vector field V , S is the Ricci tensor and λ is a constant.
A Ricci soliton is expanding, shrinking or steady as λ is positive, negative or zero respectively. If the vector field V is the gradient of a potential function − f , then g is called a gradient Ricci soliton and equation (2) assumes the form
Theoretical physicist have also been looking into the equation of Ricci soliton in relation with string theory. 
Preliminaries
An almost contact structure on a n-dimensional smooth manifold M is given by a triple (φ , ξ , η), where φ is a (1, 1)-tensor, ξ a global vector field and η a one-form, such that
A Riemannian metric g on an almost contact manifold M is said to be compatible with the almost contact structure
for any vector fields
, is said to be a quasi Einstein [3] if its Ricci tensor S of type (0, 2) is not identically zero and satisfies the condition
for some smooth functions a and b = 0, where η is a non-zero 1 form such that
for the associated vector field ξ . Then η is called associated 1-from and the unit vector field ξ is called the generator of the manifold. Throughout this paper M n a,b denotes n-dimensional N(k)-quasi Einstein manifold. From (6) and (7) it follows that
and
where r is the scalar curvature of M. Let R denote the Riemannian curvature tensor of a Riemannian manifold M.
k being some smooth function. In a quasi Einstein manifold M, if the generatorÎ 3 4 belongs to some k-nullity distribution N(k), then M is said to be a N(k)-quasi Einstein manifold [17] .In an n-dimensionalN(k)-quasi Einstein manifold [17] it follows that k = a+b n−1 . Now, it is immediate to note that in an n-dimensional
The projective curvature tensor is defined by [16] 
N(k)-quasi Einstein manifold
We consider an n-dimensional N(k)-quasi Einstein manifold M satisfying the condition
By definition, we have S ((X, ξ ).P)(Y, Z)U = ((X ∧ s ξ ).P)(Y, Z)U, where the endomorphism (X ∧ s Y )Z is defined by (X ∧ s Y )Z = S(Y, Z)X − S(X, Z)Y .
Therefore (15) takes the form,
S(ξ , P(Y, Z)U)X − S(X, P(Y, Z)U)ξ − S(ξ ,Y)P(X, Z)U + S(X,Y )P(ξ , Z)U − S(ξ , Z)P(Y, X)U − S(X, Z)P(Y, ξ )U − S(ξ ,U)P(ξ , Z)U − S(ξ , Z)P(Y, X)U + S(X, Z)P(Y, ξ )U − S(ξ ,U)P(Y, Z)X + S(X,U)P(Y, Z)ξ
Contracting this with ξ , we get
S(ξ , P(Y, Z)U)η(X) − S(X, P(Y, Z)U) − S(ξ ,Y)η(P(X, Z)U) + S(X,Y )η(P(ξ , Z)U) − S(ξ , Z)η(P(Y, X)U) − S(X, Z)η(P(Y, ξ )U) − S(ξ ,U)η(P(ξ , Z)U) − S(ξ , Z)η(P(Y, X)U) + S(X, Z)η(P(Y, ξ )U) − S(ξ ,U)η(P(Y, Z)X) + S(X,U)η(P(Y, Z)ξ
Using (12) in (17), we have
Taking Z = ξ in (18), we obtain
Since, in a quasi Einstein manifold b = 0, from (19) it follows that a + b = 0. Thus we state that.
Theorem 2. An n-dimensional N(k)-quasi Einstein manifold M satisfies S(X, ξ ) · P = 0 if and only if the sum of the associated scalars is zero.

Definition 2. A Riemannian manifold is said to be projectively pseudosymmetric [21] if at every point of the manifold the following relation
holds for any vector fields X,Y,U,V,W ∈ T M, where L P ( = a+b n−1 ) is a function on M. The endomorphism X ∧Y is defined by
Now
In view of (11) and (12), (21) takes the form
The above equation yields
By definition 2 L P = a+b n−1 , hence we get P(U,V )X = 0, for any vector fields U,V and X. Conversely, P = 0, then the (21) holds trivially. Thus we can state the following.
Theorem 3. An n-dimensional N(k)-quasi Einstein manifold is projectively pseudosymmetric if and only if it is projectively flat.
Ricci solitons and Gradient Ricci solitons on N(k)-quasi Einstein manifold
Let (M, g) be an n-dimensional N(k)-quasi Einstein manifold and g be a gradient Ricci soliton. Then (3) can be written as
for all vector fields X in M, where D denotes gradient operator of g. From (25) it follows that
By substituting X = ξ in (26) and taking inner product with ξ , we get
Then we have
c 2017 BISKA Bilisim Technology From (27) and (28), we get
If a + b = 0 and using (29) in (25), we get
Symmetrizing with respect to X and Y , we arrive at
Substituting ξ for Y in (31), we get
From (31) and (32), we have
Using (33) in (25), we get
Using (34) we compute R(X,Y )D f and obtain
Then we get
Therefore from (32) we have
i.e. ξ f = c , where c is a constant.Thus (29) gives
Taking exterior derivative on both sides of the above equation, we get that
Hence c = 0. Thus f is a constant. Consequently, the equation (25) reduces to S(X,Y ) = −λ g(X,Y ), i.e., g is Einstein.
Hence we state the following 
Which in view of (7) 
